Abstract. We construct a compact formal 7-manifold with a closed G 2 -structure and with first Betti number b 1 = 1, which does not admit any torsion-free G 2 -structure, that is, it does not admit any G 2 -structure such that the holonomy group of the associated metric is a subgroup of G 2 . We also construct associative calibrated (hence volumeminimizing) 3-tori with respect to this closed G 2 -structure and, for each of those 3-tori, we show a 2-dimensional family of non-trivial associative deformations.
Introduction
A 7-manifold M is said to admit a G 2 -structure if there is a reduction of the structure group of its frame bundle from the linear group GL(7, R) to the exceptional Lie group G 2 . A G 2 -structure is equivalent to the existence of a certain type of a non-degenerate 3-form ϕ (the G 2 form) on the manifold. Indeed, by [16] a manifold M with a G 2 -structure comes equipped with a Riemannian metric g, a cross product P , a 3-form ϕ, and orientation, which satisfy the relation ϕ(X, Y, Z) = g(P (X, Y ), Z),
for every vector fields X, Y, Z on M.
If the 3-form ϕ is covariantly constant with respect to the Levi-Civita connection of the metric g or, equivalently, the intrinsic torsion of the G 2 -structure vanishes [36] , then the holonomy group of g is contained in G 2 , and the 3-form ϕ is closed and coclosed [16] . In this case, the G 2 -structure is said to be torsion-free. The first complete examples of metrics with holonomy G 2 were obtained by Bryant and Salamon in [6] , while compact examples of Riemannian manifolds with holonomy G 2 were constructed first by Joyce [27] , and then by Kovalev [30] , Kovalev and Lee [31] , and Corti, Haskins, Nordström, Pacini [10] . More recently, a new construction of compact manifolds with holonomy G 2 has been given in [29] by gluing families of Eguchi-Hanson spaces.
A G 2 -structure is called calibrated (or closed) if the 3-form ϕ is closed [23] , and a G 2 -structure is said to be cocalibrated (or cococlosed) if the 3-form ϕ is coclosed. These two classes of G 2 -structures are very different in nature, the closed condition of the G 2 form being much more restrictive; for example, Crowley and Nördstrom in [11] prove that coclosed G 2 -structures always exist on closed spin manifolds and satisfy the parametric h−principle.
Compact G 2 -calibrated manifolds have interesting curvature properties. It is well known that a G 2 holonomy manifold is Ricci-flat, or equivalently, both Einstein and scalar-flat. On a compact calibrated G 2 manifold, both the Einstein condition [8] and scalar-flatness [5] are equivalent to the holonomy being contained in G 2 . In fact, Bryant in [5] shows that the scalar curvature is always non-positive.
All the known examples in the literature of compact 7-manifolds admitting a closed G 2 form, which is not coclosed, have first Betti number strictly bigger than one. The first example of a compact G 2 -calibrated manifold that does not have holonomy G 2 was obtained in [14] . This example is a nilmanifold, that is a compact quotient of a simply connected nilpotent Lie group by a lattice, endowed with an invariant calibrated G 2 -structure. In [9] Conti and the first author classified the nilpotent 7-dimensional Lie algebras that admit a calibrated G 2 -structure. All those examples are non-formal. Other examples were given in [15] . They are formal compact solvable manifolds with first Betti number b 1 = 3.
In this paper, we show a compact formal 7-manifold with a closed G 2 -structure and with first Betti number b 1 = 1 not admitting any torsion-free G 2 -structure. To our knowledge, this manifold is the first example of compact G 2 -calibrated manifold that satisfies all these properties.
To construct such a manifold, we start with a compact 7-manifold M equipped with a closed G 2 form ϕ and with first Betti number b 1 (M) = 3. Then we quotient M by a finite group preserving ϕ to obtain an orbifold M with an orbifold closed G 2 form ϕ and with first Betti number b 1 ( M ) = 1 (Proposition 14). We resolve the singularities of the 7-orbifold M to produce a smooth 7-manifold M with a closed G 2 form ϕ, with first Betti number b 1 ( M ) = 1 and such that ( M, ϕ) is isomorphic to ( M , ϕ) outside the singular locus of M (Theorem 17). The idea of this construction stems from our study of the original Joyce's techniques on "G 2 -orbifold resolutions" [27, 28] that allowed him the construction of compact Riemannian manifolds with holonomy G 2 . (There "G 2 -orbifold" means an orbifold with an orbifold closed and co-closed G 2 form.)
Next, we prove that M has the aforementioned properties. More precisely, using the concept of 3-formal minimal model, introduced in [17] as an extension of formality [12] (see Section 3 for details) we prove that the 7-manifold M is formal (Proposition 20) . On the other hand, we show that M has fundamental group π 1 ( M ) = Z (Proposition 19), this resulting from the careful choice of the action of the finite group acting on M. Finally, using this last result and that b 1 ( M) = 1, we prove that if M carries a G 2 form such that the holonomy group of the associated metric is a subgroup of G 2 , then M has a finite covering which is a product of a 6-dimensional simply connected Calabi-Yau manifold and a circle, and so there exist a closed 2-form ω and a closed 1-form η on M such that ω 3 ∧ η = 0 at every point of M . But we see that this is not possible by the cohomology of M determined in Proposition 18. This shows that M does not admit any torsion-free G 2 -structure (Theorem 21). Now, let us recall that for each 7-manifold N with a G 2 -structure φ, one may define a special class of 3-dimensional orientable submanifolds of N called associative 3-folds (see section 7 for details). Their tangent spaces are subalgebras of the cross-product algebras induced by φ on the tangent spaces of N; in fact, these latter subalgebras are isomorphic to R 3 with the standard vector product. If the G 2 -structure φ is closed, then φ is a calibration and every associative 3-fold is a minimal submanifold of N (moreover, locally volume-minimizing in its homology class [28, Proposition 3.7.2] ).
For the compact 7-manifold M with the closed G 2 form ϕ mentioned above, we consider a non-trivial involution of M preserving ϕ, and we construct an example of a 2-dimensional family of associative volume-minimizing 3-tori in M (Proposition 24).
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Orbifolds
In this section we collect some basic facts and definitions concerning G 2 forms on smooth manifolds and on orbifolds (see [1, 4, 5, 16, 23, 24, 25, 26, 28, 36] for details).
Let us consider the space O of the Cayley numbers (or octonions) which is a nonassociative algebra over R of dimension 8. We can identify R 7 with the subspace of O consisting of pure imaginary Cayley numbers. Then, the product on O defines on R 7 the 3-form ϕ 0 given by 
where {e 1 , . . . , e 7 } is the standard basis of (R 7 ) * . Here, e 127 stands for e 1 ∧ e 2 ∧ e 7 , and so on. The stabilizer of ϕ 0 under the standard action of GL(7, R) on Λ 3 (R 7 ) * is the Lie group G 2 , which is one of the exceptional Lie groups, and it is a compact, connected, simply connected, simple Lie subgroup of SO(7) of dimension 14.
Note that G 2 acts irreducibly on R 7 and preserves the standard metric and orientation for which {e 1 , . . . , e 7 } is an oriented and orthonormal basis. The GL(7, R)-orbit of ϕ 0 is open in Λ 3 (R 7 ) * , so ϕ 0 is a stable 3-form on R 7 [24] .
A G 2 -structure on a 7-dimensional smooth manifold M is a reduction of the structure group of its frame bundle from GL(7, R) to the exceptional Lie group G 2 . Gray in [20] proved that a smooth 7-manifold M carries G 2 -structures if and only if M is orientable and spin.
The presence of a G 2 -structure is equivalent to the existence of a differential 3-form ϕ (the G 2 form) on M, which can be defined as follows. Denote by T p (M) the tangent space to M at p ∈ M, and by Ω * (M) the algebra of the differential forms on M.
Definition 2. Let M be a smooth manifold of dimension 7. A G 2 form on M is a differential 3-form ϕ ∈ Ω 3 (M) such that, for each point p ∈ M, ϕ p is a G 2 form on T p (M) (in the sense of Definition 1) that is, for each p ∈ M, there is a linear isomorphism
Therefore, if ϕ is a G 2 form on M, then ϕ can be locally written as (1) with respect to some (local) basis {e 1 , . . . , e 7 } of the (local) 1-forms on M.
Note that there is a 1-1 correspondence between G 2 -structures and G 2 forms on M. In fact, if ϕ ∈ Ω 3 (M) is a G 2 form on M, the subbundle of the frame bundle whose fibre at p ∈ M consists of the isomorphisms u p : (T p (M), ϕ p ) −→ (R 7 , ϕ 0 ), such that u * p ϕ 0 = ϕ p , defines a principal subbundle with fibre G 2 , that is a G 2 -structure on M.
Since G 2 ⊂ SO(7), a G 2 form on M determines a Riemannian metric and an orientation on M. Let ϕ be a G 2 form on M. Denote by g ϕ the Riemannian metric induced by ϕ, and by ∇ ϕ the Levi-Civita connection of g ϕ . Let ⋆ ϕ be the Hodge star operator determined by g ϕ and the orientation induced by ϕ.
Definition 3. We say that a manifold M has a closed G 2 -structure if there is a G 2 form
Orbifold G 2 forms. Definition 4. A (smooth) n-dimensional orbifold is a Hausdorff, paracompact topological space X endowed with an atlas
Moreover, the charts are compatible in the following sense:
containing q, such that F (σ(x)) = ρ(σ)(F (x)), for any x, and σ ∈ Stab Γp (q), where ρ : Stab Γp (q) → Γ q is a group isomorphism.
For each p ∈ X, let n p = #Γ p be the order of the orbifold point (if n p = 1 the point is smooth, also called non-orbifold point). The singular locus of the orbifold is the set S = {p ∈ X | n p > 1}. Therefore M − S is a smooth n-dimensional manifold. The singular locus S is stratified: if we write S k = {p | n p = k}, and consider its closure S k , then S k inherits the structure of an orbifold. In particular S k is a smooth manifold, and the closure consists of some points of S l , l ≥ 2.
We say that the orbifold is locally oriented if Γ p ⊂ GL + (n, R) for any p ∈ X. As Γ p is finite, we can choose a metric on U p such that Γ p ⊂ SO(n). An element σ ∈ Γ p admits a basis in which it is written as
for θ 1 , . . . , θ r ∈ (0, 2π). In particular, the set of points fixed by σ is of codimension 2r. Therefore the set of singular points S ∩ U p is of codimension ≥ 2, and hence X − S is connected (if X is connected). Also we say that the orbifold X is oriented if it is locally oriented and X − S is oriented.
A natural example of orbifold appears when we take a smooth manifold M and a finite group Γ acting on M smoothly and effectively. Then M = M/Γ is an orbifold. If M is oriented and the action of Γ preserves the orientation, then M is an oriented orbifold. Note that for every p ∈ M , the group Γ p is the stabilizer of p ∈ M, with p = π(p) under the natural projection π : M → M .
Let X be an orbifold of dimension n. An orbifold k-form α on X consists of a collection of differential k-forms α p (p ∈ X) on each open U p which are Γ p -equivariant and that match under the compatibility maps between different charts.
The space of orbifold k-forms on X is denoted by Ω k orb (X). The wedge product of orbifold forms and the exterior differential d on X are well defined. Thus, we have
) is the cohomology of the topological space X with real coefficents, H * (X) (see [7, Proposition 2.13] ).
Remark 1. Suppose that X = M/Γ is an orbifold, where M is a smooth manifold and Γ is a finite group acting smoothly and effectively on M. Then, the definition of orbifold forms implies that any Γ-invariant differential k-form α on M defines an orbifold k-form α on X, and vice-versa. Moreover, it is straightforward to check that the exterior derivative on M preserves Γ-invariance. Thus, if Ω k (M) Γ denotes the space of the Γ-invariant differential k-forms on M, and
is the subspace of the de Rham cohomology classes of degree k on M such that each of these classes has a representative that is a Γ-invariant differential k-form, then we have
Definition 5. Let X be a 7-dimensional orbifold. We call ϕ ∈ Ω 3 orb (X) an orbifold G 2 form on X if, for each p ∈ X, ϕ p is a G 2 form (in the sense of Definition 2) on the open
An orbifold G 2 -structure can also be defined as a reduction of the orbifold frame bundle from GL(7, R) to G 2 , as in the case of smooth manifolds.
If M is a smooth 7-manifold with a closed G 2 form ϕ, and Γ is a finite group acting effectively on M and preserving ϕ, then ϕ induces an orbifold closed G 2 form on the 7-orbifold M = M/Γ. Definition 6. Let X be a 7-dimensional orbifold with an orbifold closed G 2 form ϕ. A closed G 2 resolution of (X, ϕ) consists of a smooth manifold X with a closed G 2 form ϕ and a map π : X → X such that:
• π is a diffeomorphism X − E → X − S, where S ⊂ X is the singular locus and E = π −1 (S) is the exceptional locus.
• ϕ and π * ϕ agree in the complement of a small neighbourhood of E.
Formality of manifolds and orbifolds
In this section we review some definitions and results about formal manifolds and formal orbifolds (see [3, 12, 13, 17] for more details).
We work with differential graded commutative algebras, or DGAs, over the field R of real numbers. The degree of an element a of a DGA is denoted by |a|. A DGA (A, d) is said to be minimal if:
(1) A is free as an algebra, that is A is the free algebra V over a graded vector space V = i V i , and (2) there is a collection of generators {a τ } τ ∈I indexed by some well ordered set I, such that |a µ | ≤ |a τ | if µ < τ , and each da τ is expressed in terms of the previous a µ , µ < τ . This implies that da τ does not have a linear part.
Morphisms between DGAs are required to preserve the degree and to commute with the differential. In our context, the main example of DGA is the de Rham complex (Ω * (M), d) of a smooth manifold M, where d is the exterior differential.
The cohomology of a differential graded commutative algebra (A, d) is denoted by H * (A). This space is naturally a DGA with the product inherited from that on A while the differential on
We say that (
) is minimal and there exists a morphism of differential graded algebras
In [22] , Halperin proved that any connected differential graded algebra (A, d) has a minimal model unique up to isomorphism. For 1-connected differential algebras, a similar result was proved by Deligne, Griffiths, Morgan and Sullivan [12, 21, 39] .
A minimal model of a connected smooth manifold M is a minimal model (
If M is a simply connected manifold, then the dual of the real homotopy vector space π i (M) ⊗ R is isomorphic to the space V i of generators in degree i, for any i. The latter also happens when i > 1 and M is nilpotent, that is, the fundamental group π 1 (M) is nilpotent and its action on π j (M) is nilpotent for all j > 1 (see [12] ).
We say that a DGA (A, d) is a model of a manifold M if (A, d) and M have the same minimal model. In this case, if ( V, d) is the minimal model of M, we have
where ρ and ν are quasi-isomorphisms. The formality property of a minimal algebra is characterized as follows.
Theorem 7 ([12]).
A minimal algebra ( V, d) is formal if and only if the space V can be decomposed into a direct sum V = C ⊕ N with d(C) = 0, d is injective on N and such that every closed element in the ideal I(N) generated by N in V is exact.
This characterization of formality can be weakened using the concept of s-formality introduced in [17] .
where the spaces C i and N i satisfy the following conditions: 
A smooth manifold M is s-formal if its minimal model is s-formal. Clearly, if M is formal then M is s-formal for every s > 0. The main result of [17] shows that sometimes the weaker condition of s-formality implies formality.
Theorem 9 ([17]
). Let M be a connected and orientable compact differentiable manifold of dimension 2n or (2n − 1). Then M is formal if and only if it is (n − 1)-formal.
One can check that any simply connected compact manifold is 2-formal. Therefore, Theorem 9 implies that any simply connected compact manifold of dimension at most six is formal. (This result was proved earlier in [34] .)
Note that Crowley and Nordström in [11] have introduced the Bianchi-Massey tensor on a manifold M, and they prove that if M is a closed (n−1)-connected (4n−1)-manifold, with n ≥ 2, then M is formal if and only if the Bianchi-Massey tensor vanishes.
For later use, we recall here the following characterization of the s-formality of a manifold.
Lemma 10 ([18]). Let M be a manifold with minimal model ( V, d). Then M is s-formal if and only if there is a map of differential algebras
In particular, ϑ * :
is an isomorphism for i ≤ s, and a monomorphism for i = s + 1.
For a simply connected orbifold X, the dual of the real homotopy vector space π i (X)⊗R is isomorphic to the space V i of generators in degree i, for any i, where π i (X) is the homotopy group of order i of the underlying topological space in X. In fact, the proof given in [12] for simply connected manifolds, also works for simply connected orbifolds (that is, orbifolds for which the topological space X is simply connected).
Moreover, the proof of Theorem 9 given in [17] only uses that the cohomology H * (M) is a Poincaré duality algebra. By [37] , we know that the singular cohomology of an orbifold also satisfies a Poincaré duality. Thus, Theorem 9 also holds for compact connected orientable orbifolds, that is we have Proposition 12. Let X be a connected and orientable compact orbifold of dimension 2n or (2n − 1). Then X is formal if and only if it is (n − 1)-formal. In particular, any simply connected compact orbifold of dimension at most 6 is formal.
A 7-orbifold with an orbifold closed G 2 form
Let G be the connected nilpotent Lie group of dimension 7 consisting of real matrices of the form
where A 1 and A 2 are the matrices
, where x i ∈ R, for any i ∈ {1, · · · , 7}. Then, a global system of coordinate functions {x 1 , · · · , x 7 } for G is given by x i (a) = x i , with i ∈ {1, · · · , 7}. Note that if a matrix A ∈ G has coordinates a i , then the change of coordinates of a ∈ G by the left translation L A are given by
A standard calculation shows that a basis for the left invariant 1-forms on G consists of
Let Γ be the discrete subgroup of G consisting of matrices whose entries (x 1 , x 2 , . . . , x 7 ) ∈ 2Z × Z 6 , that is x i are integer numbers and x 1 is even. It is easy to see that Γ is a subgroup of G. So the quotient space of right cosets
is a compact 7-manifold. Lemma 13. The nilmanifold M defined by (3) is diffeomorphic to the mapping torus M ν of the diffeomorphism of the 6-torus ν :
Proof. Consider the projection
The fiber over x 1 + 2Z ∈ S 1 is the set of equivalence classes of R 6 by the equivalence relation
The quotient R 6 / ∼ is then the 6-torus R 6 /Λ(x 1 ) with lattice Λ(x 1 ) ⊂ R 6 given by the span over Z of the columns of the matrix
The fiber p −1 (x 1 + 2Z) = R 6 /Λ(x 1 ) can be identified with the standard torus T 6 = R 6 /Z 6 , by the diffeomorphism
The manifold M is obtained by gluing the boundaries of p −1 ([0, 2]/2Z) via the map 
where
Swapping the coordinates (x 2 , . . . , x 7 ) to the order (x 2 , x 4 , x 6 , x 3 , x 5 , x 7 ), we get the matrix in the statement.
Now we consider the action of the finite group Z 2 on G given by
where ρ is the generator of Z 2 . This action satisfies the condition ρ(a · b) = ρ(a) · ρ(b), for a, b ∈ G, where · denotes the natural group structure of G. This follows since ρ is the conjugation by the matrix
i.e. ρ(a) = j a j −1 . Moreover, ρ(Γ) = Γ. Thus, ρ induces an action on the quotient M = Γ\G. Denote by ρ : M → M the Z 2 -action. Then, the induced action on the 1-forms e i is given by
Proposition 14. The quotient space M = M/Z 2 is a compact 7-orbifold with first Betti number b 1 ( M) = 1, and with an orbifold closed G 2 form.
Proof. Since the Z 2 -action on M is smooth and effective, the quotient space M = M/Z 2 is a 7-orbifold, which is compact because M is compact. Moreover, using Nomizu's theorem [35] , from (4) we have that the first de Rham cohomology group of M is
. Then, as a consequence of (2) and from (7), the first cohomology group of M is
So the first Betti number of M is b 1 = 1.
We define the 3-form ϕ on M given by 
Clearly, ϕ is a closed G 2 form on M which is Z 2 -invariant. Indeed, on the right-hand side of (8) all the terms, except the last 3 terms, are closed. But d(e 257 + e 347 + e 356 ) = 0, and so ϕ is closed. Moreover, each term on the right-hand side of (8) is Z 2 -invariant. Thus ϕ induces an orbifold closed G 2 form ϕ on M .
Denote by π : M → M the natural projection. The singular locus S of M is the image by π of the set S ′ of points in M that are fixed by the Z 2 -action defined by (6) . So S consists of all the 3-dimensional spaces
Therefore, there are 2 4 = 16 components of the singular locus of the orbifold.
The set S ′ a is included in the fiber p −1 (0 + 2Z) or p −1 (1 + 2Z) of the projection p defined by (5) . Thus, S ′ a is a Lie subgroup of T 6 , hence it is abelian and so isomorphic to a 3-torus T 3 . Consequently, S is a disjoint union of 16 copies de T 3 .
Local model around the singular locus
To desingularize the orbifold M = M/Z 2 considered in Proposition 14, we study here each of the 16 connected components S a (defined before) of the singular locus S of M.
For a = (a 1 , a 2 , a 5 , a 6 ) ∈ A = {0, 1} × ({0, 1/2}) 3 , consider the element a ∈ G given by a = (a 1 , a 2 , 0, 0, a 5 , a 6 , 0) ∈ G. Then, the left translation L a : G → G is such that L a (Γ) = Γ, and so it induces a diffeomorphism L a : M → M that preserves the G 2 form ϕ on M defined by (8) , and it satisfies
to S a , where 0 = (0, 0, 0, 0) ∈ A. Therefore, doing the desingularization around S 0 , we can translate it to the other S a via the orbifold diffeomorphism L a .
From now on, we focus on S 0 = {(0, 0, x 3 , x 4 , 0, 0, x 7 )} ⊂ M . We consider the corresponding set S ′ = S ′ 0 = {(0, 0, x 3 , x 4 , 0, 0, x 7 )} ⊂ M, which is a fixed locus of the Z 2 -action (given by (6) ) and isomorphic to a 3-torus T 3 .
The following proposition allows us to show an appropriate local model around S 0 that we will use in the next section to desingularize S 0 .
Proposition 15. There exist neighbourhoods U
′ and U ′′ of S ′ in the manifold M with U ′′ ⊂ U ′ , and there are closed G 2 forms φ and ψ on M and U ′ , respectively which are invariant by the Z 2 -action given by (6) , and such that φ is equal to the G 2 form ϕ, defined by (8) 
Proof. We define a small neighbourhood U ′ of S ′ in M as follows. A point in U ′ is given by (x 1 , . . . , x 7 ), with (x 1 , x 2 , x 5 , x 6 ) small and such that, under the equivalence relation given by the action of Γ on the points of U ′ ,
ǫ , for some small ǫ > 0, and
If we restrict the 1-forms e 1 , . . . , e 7 to S ′ , by setting x
, and the restriction ϕ| S ′ to S ′ ⊂ U ′ of the closed G 2 form ϕ on M given by (8) coincides with the restriction ψ| S ′ to S ′ of the standard G 2 form ψ on
ǫ given by
that is, we have ψ| S ′ = ϕ| S ′ . Here, dx ′ 12 stands for dx
, and so on. Moreover, using (6) and (9), one can check that the G 2 form ψ on
ǫ is invariant by the Z 2 -action. Now let us modify the G 2 -structure ϕ on M inside
ǫ so that it is equal to the 3-form ψ given by (11) on a smaller neighbourhood U ′′ of S ′ . The 3-form ψ − ϕ is closed on U ′ , and it satisfies the condition (ψ − ϕ)| T 3 ×{0} = 0, hence it defines the zero de Rham cohomology class on U ′ . So ψ − ϕ = dα, for some 2-form α on U ′ . Moreover, as |ψ − ϕ| ≤ Cr, where r is the radial coordinate of B 4 ǫ ⊂ R 4 , we can take |α| ≤ Cr 2 . Indeed, following the standard procedure of [19, p. 542], we can use the homotopy operator to determine α. Write the 3-form ϕ − ψ as
for some closed forms β 0 and β 1 . The 2-form α = r 0 β 0 dr is smooth and satisfies dα = ψ − ϕ.
On B 4 ǫ consider a bump function ρ(r) such that ρ(r) = 1 for r ≤ ǫ/2, and ρ(r) = 0 for ǫ ≥ r ≥ 3ǫ/4. Define the 3-form φ on M by
Then φ = ϕ outside U ′ and φ = ψ in
Moreover, |dρ| ≤ C/ǫ for a uniform constant, so |d(ρα)| ≤ Cǫ. For ǫ > 0 small enough, φ is non-degenerate, hence it defines a closed G 2 form on M. Now, using (12), one can check that the G 2 form φ is still Z 2 -invariant.
As a consequence of Proposition 15 we have the following corollary.
Corollary 16. There exist neighbourhoods U and V of S 0 in the orbifold M = M/Z 2 with V ⊂ U, and there are orbifold closed G 2 forms φ and ψ on M = M/Z 2 and U, respectively such that φ = ϕ outside U, and φ = ψ in the neighbourhood V of S 0 . Moreover, the singular locus S of M is covered by the disjoint union a∈A L a (U).
Proof. We define the neighbourhoods U and V of S 0 by
where U ′ and U ′′ are given by (10) and (13), respectively. Consider the closed G 2 forms ψ and φ defined by (11) and (12), respectively. By Proposition 15, both these forms are Z 2 -invariant, and hence they descend to orbifold closed G 2 forms ψ and φ on U and M , respectively and they satisfy the required conditions.
As we have noticed in the proof of Proposition 15, we have
Remark 2. Note that the G 2 form ψ given by (11) can be defined as the restriction to U ′ of the G 2 form Ψ on T 3 × C 2 defined by (17) (see below). Firstly, we see that in the coordinates (x ′ 1 , . . . , x ′ 7 ), defined by (9), the action of Z 2 on U ′ is given by
. Introduce now the complex coordinates
ǫ , where B 4 ǫ ⊂ C 2 , and the action of Z 2 on C 2 is given by
The natural SU(2)-structure on C 2 is given by the Kähler form ω and the (2, 0)-form Ω defined, respectively by
The action of Z 2 on C 2 given by (15) preserves both these forms. The standard closed G 2 -structure on T 3 × C 2 is given by
So the restriction Ψ| U ′ to U ′ coincides with the 3-form ψ defined by (11) . Then, Corollary 16 implies that
in the neighbourhood V of S 0 , where Ψ is the orbifold closed G 2 form induced by Ψ on
, and Ψ| V is the restriction of Ψ to V .
Resolving the singular locus
In this section we desingularize the singular locus S of M to get a smooth compact 7-manifold M diffeomorphic to M outside S, and such that M has the required properties, i.e. with first Betti number b 1 ( M ) = 1, with no torsion-free G 2 -structures and with a closed G 2 form ϕ such that ϕ = ϕ outside a neighbourhood of S, where ϕ is the orbifold closed G 2 form on M given in the proof of Proposition 14.
Theorem 17. There exists a smooth compact manifold M with a closed G 2 form ϕ and with first Betti number b 1 ( M ) = 1, such that ( M, ϕ) is a closed G 2 resolution of ( M , ϕ) (in the sense of Definition 6).
Proof. We know that doing the desingularization around the component S 0 of S, we can translate it to the other components S a of the singular locus S via the diffeomorphism L a : M → M defined in the section 5.
Let V be the neighbourhood of S 0 given by (14) with the orbifold closed G 2 form Ψ| V induced on V by the G 2 form Ψ defined by (17) . In order to desingularize S 0 , we shall replace the factor B 4 ǫ/2 /Z 2 of V by a smooth 4-manifold that agrees with B 4 ǫ/2 /Z 2 in a neighbourhood of its boundary.
Firstly we consider the complex orbifold X = C 2 /Z 2 . By Remark 2, we know that the action of Z 2 on C 2 defined by (15) preserves the natural integrable SU(2)-structure (ω, Ω) on C 2 given by (16) . (Thus Z 2 is a finite subgroup of SU(2).) We resolve the singularity of X = C 2 /Z 2 to get a smooth manifold X with a (non-integrable) SU(2)-structure. This goes as follows: take the blow-up C 2 of C 2 at the origin. This is given by
Now we quotient C 2 by Z 2 in order to get a smooth manifold
and a map π :
The (2, 0)-form Ω = dz 1 ∧ dz 2 on X extends to a no-where vanishing (2, 0)-form on X, that we call Ω again. This can be easily checked as follows, using the two affine charts. For the first one, we take w 1 = 1, w 2 = w, z 1 = z, z 2 = wz, so the chart of C 2 is parametrized by (z, w) ∈ C 2 . The quotient by Z 2 is given by (z, w) → (−z, w), so X is parametrized by (u, w) ∈ C 2 , with u = z 2 . The form Ω in these coordinates (u, w) has the following expression
Thus Ω is non-zero and is defined on the whole chart. The computations for other chart are similar.
On C 2 there exists a Kähler form ω defined as 
hence it must be exact on A. By the ∂∂-lemma, we have ω CP 1 = ∂∂h, for some function h on A. Now we take a bump function ρ(r) which is identically zero for r ≥ ǫ/2 − η, and identically one for r ≤ ǫ/4 + η, for a small η > 0, and set
For small δ > 0, ω ′ is still a Kähler form on A. Moreover, for r ≥ ǫ/2 − η we have that ω ′ = ω and, for r ≤ ǫ/4 + η, we have that ω ′ coincides with the standard Kähler form ω of C 2 . All the construction is Z 2 -invariant, so ω ′ descends to the resolution X.
We define the G 2 form Ψ on
(ǫ/2)−η /Z 2 with the G 2 form φ given in Corollary 16. These two glue nicely to give a G 2 form ϕ on the resulting smooth manifold M .
The map π : X → X defines a map that we denote by the same symbol π : M → M , which satisfies the conditions of Definition 6. Thus, ( M , ϕ) is a closed G 2 -resolution of ( M , ϕ).
Finally, that b 1 ( M ) = 1 follows from the following proposition.
Proposition 18. There is an isomorphism
, where ∼ means homotopy equivalent.
be a nonzero element. As the cohomology of M is a Poincaré duality algebra, there is some
. Applying π * , and noting that π : M → M is a degree 1 map, we have that π
We write the Mayer-Vietoris sequences associated to M = U ∪ V and M = U ∪ V as
where Q is the cokernel of π * . It is clear that im δ
. This happens for all k. So ker δ 
This concludes that f is an isomorphism. Therefore there is an exact sequence
Now let us construct a splitting of the above exact sequence. For this, we take the Thom form η i of each of the exceptional divisors E i ⊂ C 2 /Z 2 . Let E be one of these exceptional divisors. The Thom form of E is a compactly supported 2-form η on a neighbourhood of
. With this we construct the compactly supported cohomology of It is easy to see that any loopᾱ on M lifts to M (non-uniquely). The (closed) portions ofᾱ that lie in the orbifold locus lift uniquely. The (open) part ofᾱ that lies off the orbifold locus lift to two possible paths (since over there π is a double covering). Take any of those lifts. The result is a continuous path α on M such thatᾱ = π • α. This concludes that π 1 ( M , q 0 ) is generated by the images γ i = π •γ i , 1 ≤ i ≤ 7. Now recall that Z 2 acts by (6) . Under it, the image of γ 1 is the same as the path from (0, 0, . . . , 0) to ( 1 2 , 0, . . . , 0) followed by the same path in the reversed direction. This is contractible, henceγ 1 = 0. The same happens with γ 2 , soγ 2 = 0. Using the relations (19), we conclude that π 1 ( M , q 0 ) = γ 3 . Therefore π 1 ( M) ∼ = Z, since b 1 ( M ) = 1. Now we prove that the resolution process does not alter the fundamental group. Let us treat the case of one of the orbifold locus S 0 ∼ = T 3 ⊂ M . Let π : M → M be the resolution map. Take U a neighbourhood of S 0 , and
is the amalgamated sum of π 1 (U) and π 1 (V ) over π 1 (U ∩ V ). And π 1 ( M) is the amalgamated sum of π 1 ( U ) and π 1 ( V ) over
Next, we complete the properties of M proving that it is formal, and that it does not admit any torsion-free G 2 -structure.
Proposition 20. The compact manifold M is formal.
Proof. We are going first to check that the orbifold M is formal. Note that the cohomology group H 3 ( M) of M decomposes as Since M is a compact nilmanifold, the minimal model of M is the minimal DGA ( V, d), where V = e 1 , . . . , e 7 and the differential d is defined by (4). Let F = Z 2 be the finite group acting on M, and on the minimal model.
According with notation of Definition 8, we write 
Now we can prove that M is 3-formal, and so it is formal by Proposition 12. For this we have to look at the closed elements of I(N 3 ) ⊂ W ≤3 , and check that the image through ρ is exact. We only look at elements of degree at most 7. Those are
and the product of these by closed elements, where λ i , µ i and µ j are real numbers with i = 1, 2 and 1 ≤ j ≤ 6. Note that if α is one of those elements, then ρ(α) = 0.
To check the formality of M , now we have to work out the 3-minimal model of it, with the algebra structure of H * ( M ) given above. Therefore, the minimal model of M must be a differential graded ( Z, d), being Z the graded vector space Z = i Z i with
). Now, we define the map of differential algebras ϑ : ( 
where 1 ≤ i ≤ 16 and j = 1, 2. One can check that the map ϑ is such that the map ϑ * : H * ( V ≤s , d) −→ H * (M) induced on cohomology is equal to the map ı * :
). So M is 3-formal by Lemma 10 and, by Theorem 9, M is formal.
Theorem 21. The compact manifold M does not admit any torsion-free G 2 -structure.
Proof. We prove the theorem by contradiction. Suppose that M admits a torsion-free G 2 -structure with associated metric g. Then, the holonomy group of g is a subgroup of G 2 . By [28, Theorem 10.2.1] the only connected Lie subgroups of G 2 that can arise as holonomy of the Riemannian metric g are G 2 , SU(3), SU(2) and {1}. Since b 1 ( M ) = 1 and π 1 ( M) = Z, the holonomy group of g must be SU(3).
Therefore, M has a finite covering N × S 1 with N being a 6-dimensional simply connected Calabi-Yau manifold. Indeed, by Proposition 1.1.1 of [27] we know that ( M , g) must admit as Riemannian finite cover a product N × S 1 , for some compact, simply connected 6-manifold N. Since the holonomy group of the induced metric on the finite cover is the product of the holonomy group of N and the trivial group, the induced metric on N is Ricci-flat and its holonomy group is SU(3). That is N is a Calabi-Yau manifold.
Thus, on N × S 1 and, consequently on M there exist a closed 2-form ω and a closed 1-form η such that ω 3 ∧ η = 0 at every point. 
Associative 3-folds in M
The closed G 2 form ϕ constructed on M defines an associative calibration on M . This means that, for any p ∈ M , we have that every oriented 3-dimensional subspace V of the tangent space T p M satisfies ϕ(p)| V = λ vol V , for some λ ≤ 1, where the volume form vol V is induced from the restriction to V of the inner product g ϕ at p (see [23] and [28, §3.7] We shall produce examples of associative 3-folds in M from the fixed locus of a G 2 -involution of the compact manifold M = Γ\G defined in (3), applying the following.
Proposition 22 ([28, Proposition 10.8.1]). Let N be a 7-manifold with a closed G 2 form φ, and let σ : N → N be an involution of N satisfying σ * φ = φ and such that σ is not the identity map. Then the fixed point set P = {p ∈ N | σ(p) = p} is an embedded associative 3-fold. Furthermore, if N is compact then so is P . Remark 3. Note that Proposition 10.8.1 in [28] is stated for the G 2 -structures that are closed and coclosed, but the coclosed condition is not used in the proof.
Recall from section 4 the 7-dimensional Lie group G, and consider on G the involution given by σ : (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 ) → (−x 1 , −x 2 , x 3 , x 4 , −x 5 , 1 2 − x 6 , x 7 ).
The involution σ is equivariant with respect to the left multiplications by elements of the subgroup Γ ⊂ G. Indeed, for each a ∈ G and A ∈ Γ we may write, noting the properties of the Z 2 -action ρ on G defined by (6) , , 0) in G. Therefore, σ descends to the quotient manifold M = Γ\G. The induced map on M, still denoted by σ, commutes with ρ and so σ descends to the orbifold M = M/Z 2 . From now on, we denote by σ the involution of M induced by σ.
The fixed locus P of σ is the image by the natural projection π : M → M of the set P of points in M that are fixed by the involution σ : M → M. Thus, P consists of all the 3-dimensional spaces P b = π(P b ) = P b /Z 2 , where Observe that the fixed loci P of σ and S ′ of ρ do not intersect, and hence the fixed locus P of σ and the singular locus S of the orbifold M also do not intersect.
Proposition 23. Each of the eight disjoint copies of 3-tori in M, which are the fixed locus P of σ, define eight embedded, associative (calibrated by ϕ), minimal 3-tori in M .
Proof. Since the G 2 form ϕ on M defined in (8) is preserved by the involution σ of M, each of the 16 torus P b in M fixed by σ is an associative 3-fold in (M, ϕ) by Proposition 22. Now we know that the Z 2 -action ρ on M preserves the G 2 form ϕ on M, and induces the G 2 form ϕ on M (see section 4), so that the pull-back of π sends ϕ to ϕ. Thus, the 2-to-1 projection map π : M → M outside the set S ′ of points in M fixed by ρ is a local isomorphism of the closed G 2 -structures and hence also a local isometry of the induced metrics. Consequently, π preserves the associative calibrated property of submanifolds, and so each of the eight copies of T 3 is an associative (and minimal) 3-fold in M. Furthermore, as we mentioned above, these 3-tori do not meet the singular locus S of M.
To complete the proof, let us recall that the G 2 -structure ϕ on M agrees, away from a neighbourhood U of S, with the G 2 -structure ϕ induced on M from M. It follows that the above 3-tori lift diffeomorphically to the resolution M and define 8 embedded, associative (calibrated by ϕ), minimal 3-tori in M .
McLean [33] studied the deformation problem for several types of calibrated submanifolds. For compact associative 3-folds, the problem may be expressed as a non-linear elliptic PDE, with index zero, if the G 2 form is closed and coclosed. This result was generalized by Akbulut and Salur to arbitrary G 2 forms [2, Theorem 6] . It follows that any compact associative 3-fold in M is either rigid or, otherwise, has infinitesimal associative
